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ABSTRACT

Co-movement analysis should consider the distinction between short and long term investors, who have different
term objectives, specifically if we are dealing with international investors who want to diversify risk and derive
high returns from their international portfolios. In order to sustain and improve previous results regarding the
correlation analysis between stock market indices, namely FTSE100, DJIA30, Nikkei225 and Bovespa, we extend
here such analysis by means of the Coherence Morlet Wavelet analysis which, as far as we know, has not been
applied to the analysis of stock market indices co-movements yet. We find that the relation among indices was
strong but not homogeneous across scales; that local phenomenon’s are more felt than others in these markets,
and we do not find a quick transmission through markets around the world. Moreover, the relation among these
indices changed and evolved through time which can be attributed to financial crisis that occurred during these
different periods.
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Relación de la variabilidad multiescalar sobre los ı́ndices mundiales

RESUMEN

El análisis del co-movimiento debe considerar la distinción entre los inversores a corto plazo y largo plazo, que
tienen diferentes objetivos, especialmente si se trata de inversionistas internacionales que quieran diversificar
el riesgo y obtener altos rendimientos de su cartera internacional. Utilizando la análisis de la coherencia
Morlet Wavelet estudiamos los co-movimientos de diversos ı́ndices bursátiles, FTSE100, DJIA30, NIKKEI225
y Bovespa. Concluimos que la relación entre los ı́ndices era fuerte, pero no es homogéneo a través de escalas.
En efecto, existen fenómenos locales que se siente más en ciertos mercados que en otros, y no encontramos una

transmisión rápida a través de los mercados de todo el mundo. Por otra parte, la relación entre estos ı́ndices ha

cambiado y evolucionado a través del tiempo, lo que puede atribuirse a las crisis financieras que se produjeron
durante estos peŕıodos diferentes.
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1. INTRODUCTION

Trade and financial liberalization since the nineties determined the process of globalization that

has been further enhanced by the recent trend of the international stock market indices to
become more and more integrated. As a consequence of the increased integration, business cycles

synchronization and stock correlations are expected to rise over time and across countries.

The determination of diversification strategies by an international investor also depends
on the nature and magnitude of the relationships existing between different stock markets. As

such, it is important for international investors to understand the interrelations among the various

markets to diversify risk and to derive high return. The present work tries to investigate the
relationship, and to compare the daily dynamics of four stock market indices around the world,

namely the FTSE100 of United Kingdom, the Bovespa of Brazil, the Nikkei225 of Japan, and
from the country-regionplaceUnited States the Dow Jones Industrial Average30 (DJIA30).

Empirical studies investigating the interdependence and co-movement between

international stock markets are based on the estimation of a correlation matrix of stock market
index returns and/or on multivariate analysis techniques, such as co-integration theory and

principal component analysis (King, Sentana and Sushil, 1994; Longin and Solnik, 1995, 2001;

Karolyi and Stulz, 1996; Neaime, 2002; Da Costa et al., 2005; Brooks and Del Negro, 2005, 2006;
Kizys and Pierdzioch, 2009)1. Most of these studies have found that the comovement of stock

returns is not constant over time.

The comovement analysis should also consider the distinction between short and
long-term investor. Candelon, Piplack and Straetmans (2008) argue that from a portfolio

diversification point of view, the short term investor is naturally more interested in the

comovement of stock returns at higher frequencies, that is, short term fluctuations, but the long
term investor focus on the relationship at lower frequencies (long-term fluctuations). As such,

one has to resort to the frequency domain analysis to obtain insights about the comovement at
the frequency level (Gençay, Selçuk and Witcher, 2001a, 2001b and 2005; Lee, 2004; Pakko, 2004,

Connor and Rossiter, 2005; Sharkasi, Ruskin and Crane, 2005; Rua and Nunes, 2009).

The non popularity of wavelets may be due to the fact that it has been applied either to
analyze individual time series (Gallegati and Gallegati, 2007) or to individually analyze several

time series, but one at each time. However, decompositions are then studied using traditional

time-domain methods (Ramsey and Lampart, 1998a and 1998b). Aguiar-Conraria, Azevedo and
Soares (2008) use cross-wavelet coherency and phase-difference to show how these can be used

to directly study the interactions between two time-series at different frequencies and how they

evolve over time. Wavelet analysis is thus an important addition to time-series methods with
practical applications in Economics and Finance which allows us to decompose relationships in

the time-frequency domain. In this paper, wavelets were used to access the co-movement and
interactions of world stock indices (namely, FTSE, Dow Jones, Nikkei and Bovespa).

In such a context, with both the time horizon of economic decisions and the strength

and direction of economic relationships between variables that may differ according to the time
scale of the analysis, a useful analytical tool may be represented by Wavelet analysis. Wavelet
analysis is a comparatively new and powerful mathematical tool for signal processing, whose

main advantage is its ability to decompose time series, and data in general, into their time scale
components. Moreover, because of the translation and scale properties, non-stationary in the

data is not a problem when using wavelets and pre-filtering is not needed.

Several applications of wavelet analysis in economics and finance have been recently
provided by Ramsay and Lampart (1998a, 1998b), Ramsay (2002), Kim and In (2003) and In

and Kim (2006), among others. More recent applications of Wavelet theory for the international

co-movement of stock indices have been applied by Lee (2004), Sharkasi et al. (2005) and Rua
and Nunes (2009).

1A recent survey of wavelet applications to economic data can be found in Crowley (2007) and a practical guide
to wavelet analysis was prepared by Torrence and Compo (1998).
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Lee (2004) developed a new testing technique based on the Wavelet transform to study

international transmission effects. He applies this technique to US, country-regionGermany and

country-regionJapan (developed markets) and two emerging markets in the Middle East and
North Africa (MENA) region, namely country-regionEgypt and country-regionplaceTurkey. He

reports that movements from the developed markets affected the developing markets but not

vice versa. Sharkasi et al. (2005) use a new testing method, based on the wavelet transform to
reconstruct the data series, to investigate the price interdependence between seven international

stock markets (Ireland, UK, Portugal, US, Brazil, Japan and Hong Kong). They find evidence of
intra-European market co-movement with the country-regionplaceUS market, while US markets

impact Asian markets, which in turn influence European markets. In sum, intra-continental

relationships are evident and they also find an increase in importance of international spillover
effects since the mid 1990’s, while the importance of historical transmissions has decreased since

the beginning of this century. In a similar fashion, Rua and Nunes (2009) also tested the stylized

fact that the degree of co-movement has changed over time using Wavelet techniques applied
to four major markets, namely, Germany, Japan, UK and US. The analysis is done both at the

aggregate and sectoral levels. Following their results, the degree of co-movement of the German

market with the US and UK markets is characterized by some permanent changes over time:
a gradual but steady increase of the co-movement at the lower frequencies, and also a sudden

increase after the end of the nineties for the other frequencies.

Our main purpose will be to find intrinsic characteristics of stock market indexes around
the world, with respect to their distributional characteristics, performing Wavelet analysis. The

present work differs from the previous mentioned works because we use a relatively new empirical

technique in the finance field, the Cross-Wavelets technique, which will be here applied to stock
market indices around the world. Also, due to the fact that we use the continuous Morlet

Wavelet transform (CWT) technique that expands a time series into a time frequency space

where oscillations can be seen in a highly intuitive way. As such, this technique exposes regions
with high common power and further reveals information about the phase relationship. As such,

to our knowledge, for the first time in the analysis of world indices, we use continuous wavelet
analysis and cross-wavelet analysis to show that the relation among these indices has changed and

evolved with time, although are not homogeneous across the different frequencies/scales (with

arrows pointing right and down, and right and left in different scales under the phase analysis).

The findings suggest that there is strong to moderate co-integration among many stock
markets, and as such there is evidence of intra-continental relationships, but at high scales (low

frequencies). However, our results are not in line with those previous empirical findings that
innovations in the US and UK stock markets are rapidly transmitted to other markets. Given

our results the importance of historical transmissions is low for the period under analysis (1997-
2009) which is in accordance to the findings of Sharkasi et al. (2005) who pointed out the fact
that the importance of historical transmissions has decreased since the beginning of this century.
The Asian markets appear to be more correlated with the European markets than with the Latin
American ones. With respect to UK, it is strongly affected by the Japanese market, and the EUA
market also exerts a strong effect in the UK and Asian stock markets.

This paper is organized as follows. In section 2, we discuss the main advantages of wavelet
analysis, and present the continuous wavelet transform, discussing its localization properties
and the optimal characteristics of the Morlet wavelet. Moreover, we describe the wavelet power

spectrum, the cross-wavelet power spectrum, the wavelet coherency, and the phase difference. In
section 3, data overview and descriptive statistics are provided. In section 4 the empirical results,
applying the tools described in section 2, for the four stock market indices are discussed. Finally,

section 5 concludes pointing out directions for future research.

2. THE USE OF WAVELETS TO DYNAMICALLY DECOMPOSE TIME

Wavelets are a comparatively new and useful mathematical tool for signal processing, who has

been developed and evolved given the growing needs for improvements. Many tools existed before
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wavelets and we will start by showing why there was the need to develop these tools.

The spectral density plot (frequency versus power) identifies the frequency components
that exist in the time series. The small ripples in the spectral density are caused by the sudden

changes from one frequency to another in the time series. Also, the different power at each

frequency is caused by the different duration and period of the active frequency components
in the time series. However, the spectral density does not provide any information on the time

localization of the different frequency components. That is, on the basis of the spectral density,

it is not possible to identify where in time each of the (two, three, four,...) frequency components
are active.

In Fourier analysis, no time information is available in the spectral density and no

frequency information is available in the time-domain representation of the time series. By

considering the frequency-domain representation of a time series one may know which frequency
components are active in the time series, but not when they were active. However, this limitation

is not relevant for stationary series because all of the frequency components that exist in the

series are active throughout its entire duration.

In the time domain, one knows when things happened (features can be localized in the
time domain) but we have no information about frequency. The maintained hypothesis underlying

the Fourier transform is that all of the frequency components that are active in the time series

exist with the same amplitudes at all points in time, that is, the time series is homogeneous
through time.

Raihan et al. (2005) pointed out that this approach is inefficient because the frequency

resolution is the same across all different frequencies. As an alternative, wavelet analysis has been

proposed, allowing the estimation of the spectral characteristics of a time series as a function of
time, revealing how the different periodic components of the time series change over time.

As such, the family of wavelet transforms differs from the Fourier transform in one crucial
respect - wavelets are constructed over finite intervals of time, whereas the sine’s and cosines

that underpin Fourier analysis range over ± infinity. Wavelet transforms thus have an important
advantage over the Fourier transform in that they can retrieve information about frequency (or

scale) and time localization from the original series.

Since discrete wavelet transforms have only been applied as a low and high pass filter, and

it was difficult to analyze simultaneously two or more time series with this simpler technique2,

wavelet tools were after generalized to accommodate the analysis of time-frequency dependencies
between two time series.

2.1. Continuous Wavelet

There are two classes of wavelet transforms; the continuous wavelets transform (CWT) and its
discrete counterpart (DWT). The DWT is a compact representation of the data and is particularly

useful for noise reduction and data compression whereas the CWT is better for feature extraction
purposes. Moreover, the term ”wavelet basis” refers only to an orthogonal set of functions. The
use of an orthogonal basis implies the use of discrete wavelet transform, while a non-orthogonal

wavelet function can be used with either the discrete or the continuous wavelet transform. In
this paper, only the continuous transform is used3.

The term wavelet refers to a small wave: small because the wavelets function is non-zero
over a finite length of time (compactly supported) and wave because the function oscillates.
Wavelet functions are constructed on the basis of location and scale parameters and a ”mother

wavelet” function:

2Most of the times these were applied to the study of individual series and then their decompositions were
studied using traditional time-domain methods, such as correlation analysis or Granger causality (Ramsey and
Lampart, 1998a and 1998b).
3Therefore, our work distinguishes from those previous ones of Sharkasi et al. (2005) and Rua e Nunes (2009)
who only analyze the discrete wavelet transform.
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Wτ,s =
1
√
s
φ

(
t− τ
s

)
(1)

In other words, the continuous wavelet transform, with respect to the wavelet ϕ, is a function

Wx (s, τ)defined as:

Wx (s, τ) =

∫ +∞

−∞
x(t)

1
√
s
φ∗
(
t− τ
s

)
dt (2)

where * denotes the complex conjugate form. The mother wavelet ϕ (.) serves as a prototype

for generating other window functions. The term translation, τ , refers to the location of the
window (indicates where the wavelet is centered). As the window shifts through the signal, the

time information in the transform domain is obtained. The term scaling, s, refers to dilating (if

|s|> 1) or compressing (if |s|< 1) the wavelet (controls the length of the wavelet). If the wavelet
function ϕ (t) is complex, the wavelet transform Wx will also be complex. But this means that the

transform can be divided into the real part (<{Wx}) and imaginary part(I {Wx}), or amplitude,

|Wx|, and phase4, tan−1
(
I{Wx}
<{Wx}

)
.

To extract frequency information from the time series in question, the mother wavelet is

dilated or compressed to correspond to cycles of different frequencies. The extent of compression
or dilation is determined by the scale parameter, s. To extract time information from the time

series the set of wavelet functions at different scales is moved through the time series from the

beginning to the end. The position of a particular wavelet function in the time series is thus
determined by the location parameter, τ . In this way an entire set of wavelets can be generated

from a single mother wavelet function and this set can then be used to analyze the time series.

Wavelet coefficients are given by the transformation:

Cτ,s =

∫
f(t)φτ,s(t)dt (3)

being f(t) the original time series. If f(t) has a spectral component corresponding to the current

wavelet scale (s) at the location τ , then the product f(t)φτ,s(t) will be relatively large. If a
spectral component at scale s is not present in f(t)at a given location then this product will be

relatively small or even zero. Wavelets constructed over short time scales will tend to isolate sharp,

high frequency volatility in the time series. Because of the short time scales, this information will
have good time resolution but poor scale (frequency) resolution. Relatively long-scale wavelets

will tend to capture low frequency volatility and will have relatively poor time resolution but

good scale (frequency) resolution.
In sum, the wavelet transform can be used to analyze time series that contain non-

stationary power at many different frequencies. There are several types of wavelet functions
available such as the Morlet, the Haar, Mexican Hat wavelets, Daubechies, etc. (Percival and
Walden, 2000). Wavelet coefficients Wx (s, τ)contain combined information on both the function

x(t) and the analyzing wavelet ϕ(t). As such, the choice of the wavelet is an important aspect
to be taken into account, which will depend on the particular application. This study uses the
Morlet wavelet as the basis function used for wavelet transform.

2.2. Morlet wavelet

This function serves a similar purpose as a windowed Fourier transform in spectral analysis. The
Morlet wavelet allows good identification and isolation of periodic signals, as it provides a balance

4The phase of a given time series x (t) is parameterized in radians, ranging from - π to π . Moreover, in order to
separate the phase and amplitude information of a time series it is important to make use of complex wavelets.
Just like the Fourier transforms, under some regularity conditions, we can reconstruct x (t) from its continuous
wavelet transform (Torrence and Compo, 1998; Aguiar-Conraria et al., 2008).
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between localization of time and frequency (Grinstead et al., 2004). This is a complex wavelet,

as it yields a complex transform, with information on both the amplitude and phase, essential

for studying synchronisms between different time series. The Morlet wavelet5 in its simplified
version is defined as:

φη(t) = π−
1/4eiηte−

t2/2 (4)

An important property of the Morlet wavelet is its accuracy. Being the center of the wavelet

ϕ defined by µt =
∫+∞
−∞ t |φ(t)|2 dt and its variance σ2

t =
∫+∞
−∞ (t− µt)2 |φ(t)|2 dt, in a similar

fashion we can define the center µf and variance σf of the Fourier transform of ϕ, Φ(f). The

interval [µt − σt, µt + σt] and
[
µf − σf , µf + σf

]
is the set where ϕ and Φ attain its most

significant values, respectively. The Heisenberg box in the time frequency plane is the rectangle
[µt − σt, µt + σt]x

[
µf − σf , µf + σf

]
in the (t, f) plane, and ϕ is localized around the point(

µt, µf
)

of the time frequency plane with uncertainty given byσtσf . Here, the Heisenberg’s

principal establishes that σtσf ≥ 1
4π

. The Morlet wavelet has joint time frequency concentration

in the sense that it reaches the lower bound, σtσf = 1
4π

. If we chose η = 6, one has that the

frequency center is

µf =
6

2π
≈ 1 (5)

and the relationship between the scale and frequency is simply

f =
µf

s
≈

1

s
(6)

meaning that the wavelet scale is inversely related to the frequency, simplifying the interpretation
of the wavelet analysis. The time variance is thus given byσt = 1√

2
, being the frequency

varianceσf = 1
2π
√

2
.

2.3. Wavelet power spectrum, coherency and phase difference

Dealing with discrete time series {xn, n = 0, ..., N − 1} of N observations with a uniform time
step δt, the integral in (2) has to be discretized, and the CWT of the time series {xn} becomes

Wx
m(s) =

δt
√
s

N−1∑
n=0

xnφ
∗
(

(n−m)
δt

s

)
,m = 0, 1, ..., N − 1 (7)

It is possible to calculate the wavelet transform using this formula for each value of s and m

but we can also identify the computation for all the values of m simultaneously as a simple
convolution of two sequences (Torrence and Compo (1998) and Aguiar-Conraria et al. (2008)
provide more details on this). As also evidenced by these authors, when applying the CWT to a

finite length time series we inevitably suffer from border distortions. This is due to the fact that
the values of the transform at the beginning and at the end of the series are always incorrectly
computed, involving missing values of the series which are then artificially prescribed. Given

that the effective support of the wavelet at scale s is proportional to s, these hedge effects also
increase with s. The region in which the transform suffers from these edge effects is called the

cone of influence. In this area results must be interpreted carefully. Similarly to Torrence and

Compo (1998) and Aguiar-Conraria et al. (2008) the cone of influence will be defined here as the

5For more details on the Morlet wavelet see Torrence and Compo (1998) and Aguiar-Conraria et al. (2008).
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e-folding time of the wavelet at scale s, that is, so that the wavelet power of a Dirac δ at the
edges decreases by a factor of e−2. For the Morlet wavelet under analysis this is given by

√
2s.

The wavelet power spectrum is just|Wx
n |

2. It characterizes the distribution of the energy

(spectral density) of a time series across the two-dimensional time-scale plane, leading to a time-
scale (or time-frequency) representation. The theoretical distribution of the local wavelet power

spectrum is given in Torrence and Compo (1998)

D

(
|Wx

n (s)|2

σ2
x

< p

)
=

1

2
Pfχ

2
v (8)

at each time n and scale s, where the value of Pf is the mean spectrum at the Fourier frequency

fthat corresponds to the wavelet scales s
(
≈ 1/f

)
and v is equal to 1 or 2, for real or complex

wavelets respectively. For more general processes we need Monte Carlo simulations.

The cross wavelet transform (XWT) of two time series xnand yn is defined as Wxy
n =

Wx
nW

y∗
n , where * denotes complex conjugation, and Wx

n and W y
n are the wavelet transforms of

x and y respectively. Let’s us define the cross wavelet power as|Wxy |. The complex argument

arg (Wxy) can be interpreted as the local relative phase between xnand yn in time frequency
space. The theoretical distribution of the cross wavelet power of two time series with background

power spectra Pxk and P yk is given in Torrence and Compo (1998) as

D

(∣∣WX
n (s)WY ∗

n (s)
∣∣

σXσY
< p

)
=
Zv(p)

v

√
PXk P

Y
k (9)

where Zv(p) is the confidence level associated with the probability p for a pdf defined by the

square root of the product of two χ2 distributions. Therefore, the wavelet power spectrum can
be interpreted as depicting the local variance of a time series and the cross-wavelet power of two

times series depicts the local covariance between these series at each scale or frequency. For more

general data generating processes one has to rely on Monte Carlo simulations.

If we are interested in the phase difference between the components of the two time series

we need to estimate the mean and confidence interval of the phase difference. The circular mean

of a set of angles (ai, i = 1, ..., n) is defined as

am = arg(x, y) with x =

N∑
i=1

cos(ai) and y =

N∑
i=1

sin(ai) (10)

It is difficult to calculate the confidence interval of the mean angle reliably since the phase
angles are not independent. The number of angles used in the calculation can be set arbitrarily

high simply by increasing the scale resolution. However, it is interesting to know the scatter of

angles around the mean. For this we may define the circular standard deviation as

s =
√
−2 ln(R/n) (11)

where R =
√

(x2 + y2).

The phase for wavelets shows any lag or lead relationships between components, and is
defined as

φx,y = tan−1 I
{
Wxy
n

}
<
{
Wxy
n

} , φx,y ∈ [−π, π] (12)

where I and <are the imaginary and real parts, respectively, of the smooth power spectrum.

Phase differences are useful to characterize phase relationships between two time series.

A phase difference of zero indicates that the time series move together (analogous to positive
covariance) at the specified frequency. Ifφx,y ∈(0, π/2), then the series move in-phase, with the

Copyright c© 2010 AEFIN Revista de Economı́a Financiera 2010. 20:69–92
ISSN: 1697-9761



76 MADALENO AND PINHO

time-series y leading x. On the other hand, if φx,y ∈ (-π/2, 0) then it is x that is leading. We

have an anti-phase relation (analogous to negative covariance) if we have a phase difference of

π (or -π) meaning φx,y ∈(-π/2,π]
⋃

(-π, π/2]. If φx,y ∈ (π/2,π) then x is leading, and the time
series y is leading if φx,y ∈ (-π,-π/2).

Cross-wavelet power reveals areas with high common power. Another useful measure is

how coherent the cross wavelet transform is in the time frequency space. Following Torrence and
Compo (1998) we define the wavelet coherency of two time series as

R2
n(s) =

∣∣S (s−1Wxy
n (s)

)∣∣2
S
(
s−1 |Wx

n (s)|2
)
.S
(
s−1

∣∣W y
n (s)

∣∣2) (13)

where S is a smoothing operator in both time and scale. This definition closely resembles that of a

traditional correlation coefficient, and it is useful to think of the wavelet coherence as a localized
correlation coefficient in time frequency space. Without smoothing coherency is identically 1 at

all scales and times. We may further write the smoothing operator S as a convolution in time

and scale:

S(W ) = Sscale (Stime (Wn(s))) (14)

whereSscale denotes smoothing along the wavelet scale axis and Stime smoothing in time.
The time convolution is done with a Gaussian and the scale convolution is performed with a

rectangular window (see Torrence and Compo (1998) for more details). For the Morlet wavelet

a suitable smoothing operator is given by

Stime (W )|s =

(
Wn(s) ∗ c−

t2/2s2
1

)
|s (15)

and

Sscale (W )|n = (Wn(s) ∗ c2Π(0, 6s) |n (16)

where c1 and c2 are normalization constants and Π is the rectangle function. The factor of 0,6
is the empirically determined scale de-correlation length for the Morlet wavelet (Torrence and
Compo, 1998). In practice both convolutions are done discretely and therefore the normalization

coefficients are determined numerically. Since theoretical distributions for wavelet coherency have
not been derived yet, to assess the statistical significance of the estimated wavelet coherency, one
has to rely on Monte Carlo simulation methods.

The cross-wavelet coherence gives an indication of the correlation between rotary
components that are rotating in the same direction as a function of time and periodicity.
Coherency near one shows a high similarity between the time series, while coherency near zero
show no relationship. It can be defined as the ratio of the cross-spectrum to the product of the
spectrum of each series, and can be thought of as the local correlation between two CWTs.

3. DATA DESCRIPTION

The data used in the present analysis consists of the daily prices of stock market indices for four

markets, namely the FTSE100 of United Kingdom (comprising the European market considered),
the Bovespa of Brazil (the Latin American index), the Nikkei225 of Japan (the Asiatic index),

and from the United States the Dow Jones Industrial Average 30 (DJIA30). Stock prices data

were taken from Bloomberg and cover the period of 1 October 1997 to 6 March 2009 that has
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been adjusted given data availability. We have considered these indices to be representative of
these markets.

Time series plots of the stock indices under analysis6 appear to display similar long-
swing movements. The exception is the Bovespa index which shows the most erratic behavior.

These stock market indices are analyzed in levels7. There are several reasons to justify the use of

returns instead of levels8. However, we are only concerned, at the time, with daily index levels
(daily prices) behavior. Note that these daily prices on a given calendar day may represent prices

realized over different time intervals depending on holiday and trading day schedules. Moreover,

the main advantage of wavelet analysis is its ability to decompose time series, and data in general,
into their time scale components. Because of the translation and scale properties, non-stationary

in the data is not a problem when using wavelets and pre-filtering is not needed. And this is the

main justification for us to be using daily prices instead of returns in the present work.
The summary statistics of daily prices for the four indices under analysis is presented in

table 1. In all cases, the excess kurtosis and skewness measures are indicative of evidence against

normal distribution. Time series plots also show the typical phenomena of volatility clustering in
stock prices. We can also see that the Brazilian market shows the highest variability as measured

by the standard deviation of prices, which is also noticed by the erratic behavior observed in the
time series plot.

Variable FTSE 100 DJIA 30 Nikkei 225 Bovespa

Observ. 2976 2976 2976 2976

Max 6.930,2 14.164,5 20.833,2 73.517,0

Min 3.287,0 6.594,4 7.162,9 4.761,0

Mean 5.413,3 10.358,6 13.575,1 24.771,3

Std. 845,2 1.457,1 3.145,3 16.631,8

Skewness -0,3727 0,2319 -0,0420 1,0985

Kurtosis 0,1299 2,8237 1,9116 3,1074

Table 1. Descriptive statistics of the daily prices of the stock market indices under analysis

On the other hand, the FTSE100 market index (UK) displays less volatility than other
markets, whilst it exhibits also less average daily prices. Such features are in accordance with
the conventional wisdom of low risk and low return. Moreover, the sample means of the prices
of all indices are positive. Only the FTSE and Nikkei indices are significantly negative skewed.

Table 2 presents the correlation matrix between all four stock market indices under
analysis. As we can see, the European index is more correlated with the Japanese index and with
the American one, but it has the smallest correlation with the Latin American index (Bovespa).

The DJIA index shows the lowest correlation with the Japanese index, and the Bovespa
index shows the highest correlation with the other American index, the DJIA30. In sum, the less

developed market shows lower correlation values with the most distant indices in geographical

6We have not presented the graph in the present paper to save space but it will be provided upon request to
the authors.
7Ongoing research is proceeding to compare the daily rates of return, by calculating continuously compounded
daily index returns by Daily Return = Rt =ln (Pt/Pt-1), where Pt is the closing price of the index at time t
and Pt-1 is the closing price at time t-1, with levels to see if conclusions change.
8As each market uses its local currency for presenting the index values, the daily returns may be a better choice.
Also because these stock markets are operating in different time zones with different holidays and trading day
schedules as well as different opening and closing times.
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Variable FTSE 100 DJIA 30 Nikkei 225 Bovespa

FTSE 100 1 0,666 0,891 0,286

DJIA 30 0,666 1 0,517 0,741

Nikkei 225 0,891 0,517 1 0,180

Bovespa 0,891 0,741 0,180 1

Table 2. Cross-correlation analysis among the stock market index prices under analysis

terms. Thus, we may say that the results of the cross-correlation analysis of the stock index prices

under analysis indicate that these stock markets do exhibit a significant degree of integration
with each other in accordance with Sharkasi et al. (2005) and Rua and Nunes (2009).

4. EMPIRICAL RESULTS

As far as we know, until the present moment when wavelets where applied to the analysis of stock

market indices, the use of the discrete wavelet transform or one of its variants dominated (Lee,

2004; Sharkasi et al., 2005; Rua and Nunes, 2009). Sometimes, the same type of analysis could
be done more easily and in a straightforward manner using the continuous wavelet transform.

In figures 1.1, 2.1, 3.1, 4.1, 5.1, and 6.1 we show the wavelet power spectrum for the

FTSE100, DJIA30, Bovespa and Nikkei225 stock market indices, where pairs of stock indices are

plotted. In the wavelet power spectrum the black contour designates the 5% significance level
estimated from Monte Carlo simulations using phase randomized surrogate series. The cone of

influence, indicating the region affected by edge effects, is shown with a dotted line. The phase

difference between the two series is indicated by arrows. Color code for power ranges from blue
(low power) to red (high power).

To construct the surrogate series and randomize the phase of the original series we
apply the Fourier transform to the original series, randomize the phase values and perform

an inverse Fourier transformation with the original amplitude and the randomized phase values.

With this transformation the surrogate series approximately keep the mean, standard deviation,
autocorrelation and the power spectrum of the original series.

In these figures we can see the continuous wavelet power spectra of the four indices under

analysis. Looking at the time scale decomposition of these variables some interesting facts are
revealed. Most of the action in the indices occurred at high scales (low frequencies). There are
no clear and general structural changes occurring for all the series at once in the years under

analysis since the red power is spread through all of them. However some interesting aspects
deserve to be mentioned.

The wavelet power spectrum of DJIA30 (figure 1) shows a small significant power event
(upper picture) in the period September 1999 to August 2001 in the daily time scale of 64-100
days. In the same graph (lower picture) we have the wavelet power spectrum of the Bovespa
index that shows a high significant power event from the starting period through June 2005 in

the 1000-1024 days time scale band. Figure 2.1 shows the wavelet power spectrum of Nikkei225
(lower picture) and from this plot we see no significant power event. However, once again, most

of the action in this index occurred at high scales. Finally, in figure 3.1 we have the wavelet
power spectrum of the FTSE100 index that shows the action mostly occurred at high scales, but

some happened also at the 128-256 days band in the period October 1997-September 1999 and
May 2007-March 2009 that increased the index volatility.

The correlation and co-movement between world market indices is a very well documented
facts as previously analyzed in the brief literature review at the introduction. To perform the
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cross-wavelet analysis we will focus on the wavelet coherency and wavelet cross spectrum. In
figure 1.2, 2.2, 3.2, 4.2, 5.2, and 6.2 at the appendix we have the wavelet cross power and in

figures 1.3, 2.3, 3.3, 4.3, 5.3, and 6.3 we can observe the estimated wavelet coherency and the
phase difference between the four indices. The values for the significance were obtained from

Monte Carlo simulations. Contours denote wavelet-squared coherency, the thick black contour is

the 5% significance level and outside of the thin line is the boundary affected zone. The vectors
indicate the phase difference between the two series.

Once again, color code for power ranges from blue (low power) to red (high power).

Notice that here, the cone of influence is not represented, but works in a similar fashion as that
obtained from the wavelet power spectrum pictures, which indicates the region affected by edge

effects. The phase difference between the two series is indicated by arrows. Those pointing to

the right mean that the variables are in phase. To the right and up with the first series lagging.
To the right and down with the first series leading. Arrows pointing to the left mean that the

variables are out of phase. To the left and up with the first series leading. To the left and down,

with the first series lagging (for example in figure 5.2 the second series in this case would be the
Nikkei225 stock market index).

Wavelet cross-spectrum describes the common power of two processes without

normalization to the single wavelet power spectrum. This can produce misleading results, because
one essentially multiplies the continuous wavelet transform of two time series. So, if one of the

spectra is locally flat and the other exhibits strong peaks, this can produce peaks in the cross

spectrum, which may have nothing to do with any relation of the two series. Thus, wavelet cross
spectrum is not suitable for significantly test the relation between two time series. However, if

one has detected a significant interrelation using wavelet coherency, one can apply wavelet cross-

spectrum to estimate the phase spectrum. Since the information extracted from these pictures
should be analyzed with some caution, we dedicated the rest of the work to the analysis of the

wavelet coherency pictures.

In the Cross-wavelet coherency figures, the black contour designates the 5% significance
level estimated from Monte Carlo simulations using phase randomized surrogate series. Once

again, color code for power ranges from blue (low coherency, near zero) to red (high coherency,

near one). Those pointing to the right mean that the variables are in phase. To the right and up
with the first series lagging. To the right and down with the first series leading. Arrows pointing

to the left mean that the variables are out of phase. To the left and up with the first series

leading. To the left and down with the first series lagging.

Looking at the wavelet coherency we see some statistically significant regions. The wavelet

coherency between the FTSE100 and the DJIA30 is high at large scales (above the 65 days scale)

and below 32 days we also see several statistically significant islands.

The wavelet coherency is used to identify both frequency bands and time intervals within
which pairs of indices are co-varying. On the daily time scales of 4-64 days band, the 5%

significance regions indicate that stock market indices under analysis do not show high coherency.

Although, exists high coherency among them on the daily time scales of 128-1024 band. Low
levels of cross-correlations were detected for lower frequencies, but high levels of cross-correlation

between the FTSE and DJIA30 indices are detected at high frequencies, where they also reveal
peaks with a ten year distance between them, during the entire sample period in some cases,
namely in the DJIA-Bovespa case.

Between August 2001 and June 2005 the relation between the indices DJIA and Bovespa

was very strong (figure 1.3 ). The wavelet cross-spectrum shows high power and we observe
several islands of high coherency (which are also statistically significant). The phase information
about this period shows us a phase relation with the Bovespa index leading for the 250-256 band.

Near May 2007 we observe a quite different behavior. The cross coherency is quite high in the 8
to 64 days time scale. Moreover, information on the phases shows us that the relationship was

not homogeneous across scales. In some time scales these variables are in phase, with the Bovespa
index leading indicating that at the small ”business cycles” frequencies, DJIA stock market index
high prices follow Bovespa price increases. However, in high frequency bands results are mixed.

Some arrows point right and down meaning that the relationship was not homogenous across
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scales. In 2008 there was a strong and statistically significant relation between Bovespa and DJIA
in the 16-32 days band with indication of an anti-phase relation with Bovespa index lagging.

The cross wavelet power spectrum is high at low frequencies, but in most of the area, not

statistically significant. The same occurred for the other indices under analysis.

Looking at the wavelet coherency for the other indices under analysis we also see some

statistically significant islands. Especially, in the period May 2007 until March 2009 which

coincides with the sub-prime crises that spread out all around the world. This is evidenced by
the DJIA and Nikkei indices (a phase relationship with Nikkei leading in that period and in most

of the cases, but with Nikkei lagging at high frequencies - figure 2.3), between FTSE and DJIA

(figure 3.3, but with mixed results with respect to the leading and lagging relationships) and also
between FTSE and Bovespa (figure 4.3), FTSE and Nikkei (figure 5.3), and Nikkei and Bovespa

(figure 6.3). Those isolated islands are more evidenced between DJIA-Bovespa/Nikkei/FTSE
and between FTSE-Bovespa/Nikkei than with Nikkei and Bovespa. This is a clear indication of

a stronger relation between the European, American and Asian markets than among Asian and

Latin American ones.

Surprisingly, local phenomenon’s are more felt than others. If long run adjustments

were taken out, the short-run movements would be little correlated. The finding that country

specific phenomenon’s are not rapidly transmitted to other markets, where some show a clear
delay in transmissions, was already obtained by Pinho and Madaleno (2009), using Maximal

overlap (MODWT), discrete cross-wavelets and regression analysis, but here they are even more

evidenced which enhances the usefulness of the cross-wavelet analysis to deal with this type of
interactions and co-movements among international stock market indices.

Also we are able to see cycles of short duration (where the series show strong correlation

among them - the red areas), and it is a challenge to understand why these happened (figure 1.3,
for example).

However, our results are not in line with those previous empirical findings that innovations

in the US and UK stock markets are rapidly transmitted to other markets (Eun and Shim, 1989;
Koutmos and Booth, 1995; Harju and Hussain, 2008; among others). For this lets us analyze

carefully the relationships between the finest components in stock markets. Since these finest

scales capture movements in 2 to 8 days (because the next finest scale has a fairly large portion
of energy in stock price movements as evidenced by the cross-wavelet power and coherency),

we may argue that only with a considerable time span (the lowest frequencies) spillovers are

transmitted to the other markets. These results contradict those obtained by Lee (2004), where
he argues that the most important impact in spillovers will be captured by the higher frequencies.

Given our results, the importance of historical transmissions is low for the period under analysis

(1997-2009) which is in accordance to the previous findings of Sharkasi et al. (2005) who pointed
out the fact that the importance of historical transmissions has decreased since the beginning of

this century.

Several other things deserve a more special attention. Namely, the relations explaining
the high correlation in the islands observed, the business cycle effects behind these, and a more
careful analysis should be given to the lead and lag, phase and anti-phase relationships among

the series. This is being subject of a current research. However, in sum, we have that at high
scales (low frequencies) index returns show a strong significant relation and in most of the cases
we have a phase relationship among the analyzed indices. Some arrows, in the phase analysis
point right and down meaning that the relationship was not homogeneous across scales.

The determination of diversification strategies by an international investor also depends
on the nature and magnitude of the relationships existing between different stock markets. As
such, it is important for international investors to understand the interrelations among the various

markets to diversify risk and to derive high return, and with these results we hope to provide
good strategies for individual market investor’s to compose their international stock portfolios.

Copyright c© 2010 AEFIN Revista de Economı́a Financiera 2010. 20:69–92
ISSN: 1697-9761



RELATIONSHIP OF THE MULTISCALE VARIABILITY ON WORLD INDICES 81

5. CONCLUSION

In this paper, we claimed that wavelet analysis can be a very useful technique for analyzing
financial relations and that it is better suited for dealing with index market prices than the Fourier

transform. We have thus illustrated the usefulness of wavelet analysis to finance, especially when

there is a distinction between short and long run relations. The main advantage of the continuous
wavelet and cross-wavelet analysis is the ability to analyze transient dynamics, for single time

series or for the association between two time series, respectively.

As showed above, some of the shortcomings that previous researchers have found when

applying wavelet techniques to study two or more time series disappear once the concept of the
cross-wavelet is introduced. We have also used three tools that as far as we know have not been

applied yet to the analysis of stock market indices: the cross-wavelet transform, coherency and

phase difference. The wavelet power spectra quantifies the main periodic component of a given
time series and its evolution, while the cross-wavelet transform and the cross-wavelet coherency

are used to quantify the degree of linear relation between two time-series in the frequency domain.

Finally, phase analysis is a nonlinear technique that makes it possible to study synchronization
and delays between two time series across different frequencies or time scales. As such, with this

technique we were able to disentangle different short, medium and long run relations and to detail

transient relations among stock market indices, which will be useful for international investors.

We found that there are strong correlations among the stock market indices under
analysis, that at high scales (low frequencies) index returns show a strong and significant relation,

but through the phase analysis some arrows point right and down, and right and left meaning

that the relationship was not homogeneous across scales.

However, our results are not in line with those previous empirical findings that innovations

in the US and UK stock markets are rapidly transmitted to other markets. Given our results the
importance of historical transmissions is low for the period under analysis (1997-2009) which is in

accordance to the findings of Sharkasi et al. (2005) who pointed out the fact that the importance
of historical transmissions has decreased since the beginning of this century.

Several other things deserve a more special attention. Namely, the relations explaining
the high correlation in the islands observed, the business cycle effects behind these, and a more

careful analysis should be given to the lead and lag, phase and anti-phase relationships among

the series. This is being subject of a current research. The effect of market crisis may have a
successful role here explaining the main differences observed among indices, but justify more

attention, as it is being done for the moment.

This work may also be extended through the inclusion of more stock market indices
around the world in order to be able to have a complete picture of the interactions among stock
market indices worldwide. This will be useful to the determination of diversification strategies
by international investors, which also depends on the nature and magnitude of the relationships
existing between different stock markets. Another possible extension is due to the result that
geographically closer markets show higher co-movements and highest cross-wavelets coefficients,
both in levels and in the lower frequency components indicating that temporary crashes and other
market disturbances will be more spread out among these than to those at higher distances. The
opposite also occurs and an important empirical investigation, under analysis at this moment,
makes us wonder how different slowdowns, booms, expansions, recessions, crises, or other types of
temporary market disturbances may have an impact on the results. Moreover, as a consequence
of the increased integration due to globalization and business cycles synchronization, stock index
correlations are expected to rise over time and across countries. As such, the analysis may also

be divided into different time periods.
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APPENDIX

 

Figure 1.1. Wavelet power spectrum for DJIA30 and Bovespa

Note: Color code ranges from blue (low power) to red (high power). The cone of influence is

shown with a dotted line.

 

Figure 1.2. Cross-wavelet power between DJIA and Bovespa

Note: Color code for power ranges from blue (low power) to red (high power). The vectors indicate

the phase difference between the two series. It is important to know which series we use first
since this would be the leading series. In this case DJIA is leading (the first series).

Copyright c© 2010 AEFIN Revista de Economı́a Financiera 2010. 20:69–92
ISSN: 1697-9761



RELATIONSHIP OF THE MULTISCALE VARIABILITY ON WORLD INDICES 85

 

Figure 1.3. Wavelet coherency between DJIA30 and Bovespa

Note: Color code for power ranges from blue (low power) to red (high power). The vectors indicate
the phase difference between the two series. It is important to know which series we use first

since this would be the leading series. In this case DJIA is leading (the first series).

 

Figure 2.1. Wavelet power spectrum for DJIA30 and Nikkei225

Note: Color code for power ranges from blue (low power) to red (high power). The cone of
influence is shown with a dotted line.
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Figure 2.2. Cross-wavelet power between DJIA and Nikkei

Note: Color code for power ranges from blue (low power) to red (high power). The vectors indicate

the phase difference between the two series. It is important to know which series we use first
since this would be the leading series. In this case DJIA is leading (the first series).

 

Figure 2.3. Wavelet coherency between DJIA and Nikkei

Note: Color code for power ranges from blue (low power) to red (high power). The vectors indicate
the phase difference between the two series. It is important to know which series we use first
since this would be the leading series. In this case DJIA is leading (the first series).
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Figure 3.1. Wavelet power spectrum for FTSE and DJIA

Note: Color code for power ranges from blue (low power) to red (high power). The cone of
influence is shown with a dotted line.

 

Figure 3.2. Cross-wavelet power between FTSE and DJIA

Note: Color code for power ranges from blue (low power) to red (high power). The vectors indicate
the phase difference between the two series. It is important to know which series we use first

since this would be the leading series. In this case FTSE is leading (the firsts series).
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Figure 3.3. Wavelet coherency between FTSE and DJIA

Note: Color code for power ranges from blue (low power) to red (high power). The vectors indicate

the phase difference between the two series. It is important to know which series we use first

since this would be the leading series. In this case FTSE is leading (the first series).

 

Figure 4.1. Wavelet power spectrum for FTSE and Bovespa

Note: Color code ranges from blue (low power) to red (high power). The cone of influence is
shown with a dotted line.
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Figure 4.2. Cross-wavelet power between FTSE and Bovespa

Note: Color code for power ranges from blue (low power) to red (high power). The vectors indicate
the phase difference between the two series. It is important to know which series we use first

since this would be the leading series. In this case FTSE is leading (the first series).

 

Figure 4.3. Wavelet coherency between FTSE and Bovespa

Note: Color code for power ranges from blue (low power) to red (high power). The vectors indicate

the phase difference between the two series. It is important to know which series we use first
since this would be the leading series. In this case FTSE is leading (the first series).
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Figure 5.1. Wavelet power spectrum for FTSE and Nikkei

Note: Color code for power ranges from blue (low power) to red (high power). The cone of
influence is shown with a dotted line.

 

Figure 5.2. Cross-wavelet power between FTSE and Nikkei

Note: Color code for power ranges from blue (low power) to red (high power). The vectors indicate
the phase difference between the two series. It is important to know which series we use first
since this would be the leading series. In this case FTSE is leading (the first series).
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Figure 5.3. Wavelet coherency between FTSE and Nikkei

Note: Color code for power ranges from blue (low power) to red (high power). The vectors indicate
the phase difference between the two series. It is important to know which series we use first

since this would be the leading series. In this case FTSE is leading (the first series).

 

Figure 6.1. Wavelet power spectrum for Nikkei and Bovespa

Note: Color code ranges from blue (low power) to red (high power). The cone of influence is
shown with a dotted line.
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Figure 6.2. Cross-wavelet power between Nikkei and Bovespa

Note: Color code for power ranges from blue (low power) to red (high power). The vectors indicate

the phase difference between the two series. It is important to know which series we use first

since this would be the leading series. In this case Nikkei is leading (the first series).

 

Figure 6.3. Wavelet coherency between Nikkei and Bovespa

Note: Color code for power ranges from blue (low power) to red (high power). The vectors indicate
the phase difference between the two series. It is important to know which series we use first
since this would be the leading series. In this case Nikkei is leading (the first series).
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