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Abstract. This educational note presents proofs of Hattendorff’s theorem for different models,
with increasing level of generality. A deep understanding of the concepts of loss, reserve, and their
relation with accounting conventions and the equivalence principle are key to the loss allocation
in life insurance. We illustrate the fundamental representation of losses as martingales, where
the increment of the martingale gives the allocation of total losses to a one-year (period) term
insurance. This rests on the equivalence principle and the Markov property of the life (multiplestate) process.
JEL Classification. G22, G11.
Resumen. Esta nota didáctica repasa las demostraciones del teorema de Hattendorff para modelos
distintos, cada cual mas general que el anterior. Un elemento clave de la asignación de pérdidas
en seguros de vida es un conocimiento profundo de los conceptos de pérdida, reserva, y de sus
relaciones con los convenios contables, así como con el principio de equivalencia. Ilustramos la
representación fundamental del proceso de pérdidas como una martingala, donde los incrementos
de esta dan la asignación de las pérdidas totales a un seguro temporal de un año. Este resultado
encuentra su base en el principio de equivalencia y la propiedad Markoviana del proceso (multiestado) de vida.
Título: La asignación de pérdidas en seguros de vida y el teorema de Hattendorff
Clasificación JEL: G22, G11.
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1. INTRODUCTION AND HISTORICAL REVIEW
Hattendorff’s theorem states that under net premiums, the losses in different years of a life
insurance policy have zero mean and are uncorrelated. Hence the variance of the total loss is the
sum of the variances of the per year losses.
The loss in a year is defined as the net outflows (insurance benefits less premiums) during the
year, plus the reserve that has to be provided at the end of the year, minus the reserve released at
the beginning of the year, all discounted at time 0.

2. GENERAL FULLY-DISCRETE INSURANCE MODEL
We start from the simplest model to illustrate some basic concepts, such as loss, benefit, reserve
and the equivalence principle. The notations and symbols used here are standard [see for example,
Bowers et al. (1997)].
Consider an insured life age x [denoted as (x)] covered by a policy with a death benefit of bj in the
j-th policy year, which is the end of a policy year of death. Denote the benefit premium in the j-th
policy year by πj-1, payable at time j-1, the beginning of the policy year. The index j represents the
time points at which cash flows occur. The random variable for the insurers’s loss is
K

L = v K +1bK +1 − ∑ vk π k

(1)

k =0

where K is the curtate (integer part of the) future life time of (x), and v is the interest discount
factor. Using indicator functions, the two terms on the right-hand side of (1) can be rewritten as,
∞

v K +1bK +1 = ∑ v k bk +1 I ( K = k ) ,
k =0

and
K

∞

k =0

k =0

∑ v kπ k = ∑ v kπ k I ( K ≥ k ) .
Now defining Ck, the net cash loss in the (k+1)-th year, as
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This classical result is due to Hattendorff (1868), but its first proof for a whole-life policy is
usually attributed to Steffensen (1929). However, Wolthuis (1987) reports that Berger (1931)
has a reference to an earlier proof by Kuttner (1909). Through the years, the theorem has been
proved for different policies, but it has had a recent revival, attaining greater generality in various
directions, with the advent of modern insurance mathematics based on the theory of stochastic
process and martingales. Notable references are Gerber (1979, 1986, 2003), Papatriandafylou and
Waters (1984), Ramlau-Hansen (1988), Norberg (1992, 1996) and Milbrodt (1999, 2000).
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Ck = vk +1 I ( K = k ) − π k I ( K ≥ k ) ,
k=0,1,2,…, then (1) becomes
∞

L = ∑ vk C k .
k =0

These Ck’s are precisely the insurer’s net cash outflows. They do not represent the real loss or gain
of the insurer in year k. Since the πk’s are not the real net income of the insurer, these must be put
aside in a “sinking fund” to meet future claims. This sinking fund is called the benefit reserve.
As stated in Bowers et al. (1997, p.250) the Ck’s are correlated random variables. To allocate the
total loss to different years, we need an analysis based on accruals or the “incurred” accounting
convention that looks at the benefit reserve as a liability.
First begin with the definition. For a non-negative integer time h, the prospective loss random
variable and the benefit reserve are, respectively defined by

∞

∞

k =h

k =h

h
k
k −h
Ck ,
h L = (1 + i ) ∑ v C k = ∑ v

(2)

h=0,1,2,…, and
,

(3)

h=0,1,2,…. Reserves are in fact closely related to the equivalence principle. By it, an equivalence
relation is established on the date a long-term contract is entered into by two parties who agree
to exchange a set of payments. For example, an insured may pay a series of premiums to an
insurer, equivalent, on the issuing date of the policy, to the contingent amount to be paid at the
death of the insured, or upon survival of the insured to the maturity date.
Another example is an individual that purchases a deferred life annuity by means of level premiums
payable to an insurer or annuity organization equivalent, at the date of contract agreement, to
the monthly payments by the payer of the annuity to the annuitant, when that person survives
beyond a specified age. The equivalence is in terms of two actuarial present values (apv) at the
issue date. However, after a period of time, there will no longer be an equivalence between the
future financial obligations of the two parties. The insured may still be required to pay further
premiums, whereas the insurer has the duty to pay the face amount at the death of the insured or
on the maturity date.
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The apv’s of the future premiums and of the benefit covered may differ substantially, because the
insured may die sooner or later than expected. In the deferred annuity example, the individual
may have completed the payments, whereas the annuity payer still has monthly remunerations
to make. For this, a balance item is required. This item is a liability for one of the parties and an
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asset for the other. If the individual survives, the balancing item is nothing but a reserve. This
is typically a liability recognized by the insurance company or annuity payer in their financial
statements . It is also typically an asset for the insured or individual purchasing the annuity.
Hence, here we need to substitute the premiums πh in the loss expression by (2), with the functions
of the reserves, hV. Developing a relation between π and hV becomes necessary.
From the recursive formula for prospective loss random variables in (2), we have that

h

L = C h + v h +1 L,

(4)

h=0,1,2,…. Taking conditional expectations, given that K ≥ h , on both sides of (4) and noticing that

h=0,1,2,…, while

h=0,1,2,…, where
and
we have
,

(5)

h=0,1,2,…. We can rewrite (5) by isolating πh and replacing px+h with 1-qx+h, to obtain:
,

(6)

h=0,1,2,…. This expression has a very interesting interpretation. If one considers that the benefit
reserve h+1V is to be available to offset the death benefit bh+1, then only the net amount at risk,
bh+1- h+1V needs to be covered, if death occurs. The first term on the right-hand side corresponds
to the premium of a 1-year term insurance, with a face value equal to the net amount of risk.
The second term h+1V - hV is the amount required to accumulate, with interest, to the year-end
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,
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required reserve h+1V. In this formulation h+1V is used, in case of death, to offset the death benefit,
and consequently, the benefit reserve accumulates as a sinking fund.
Substituting πh in (1), we get
∞

∞

k =0

k =0

L = ∑ v k +1bk +1 I ( K = k ) − ∑ I ( K ≥ k )[(bk +1 − k +1V ) v k +1q x + k
+ v k +1 k +1V − v k k V ]
∞

L

= ∑ v k +1 [(bk +1 − k +1V )I ( K = k )]
k =0

∞

− ∑ I ( K ≥ k ) (bk +1 − k +1V )v k +1q x + k
k =0

∞

= ∑ v h v(bh +1 − h +1V )[I ( K = h) − I ( K ≥ h)qx + h ] + 0V ,
h =0

where the last equality is due to the fact that

V I ( K = k ) = 0 , and that by summation by parts:

k +1

∑ I ( K ≥ k )(v
∞

k +1

V − v k kV

k +1

)

k =0

∞

=

∑ [I (K ≥ k ) − I (K ≥ k + 1)] v

k +1

V − v 0 0V

k +1

k =0

∞

= ∑ I ( K = k )v k +1k +1V − 0 V = − 0 V .
k =0

Note that the amount in the summation giving L is:

Lh = v(bh +1 − h +1V )[I ( K = h) − I ( K ≥ h)q x + h ] ,
106

(7)

h=0,1,2,… can be identified as the loss random variable at time h for a special one-year term
insurance in year h+1, with a death benefit equal to the net amount at risk bh+1 – h+1V, and a net
premium paid at the beginning of the year, given that (x) survives. It is just another form of
Exercise 8.31(a) of Bowers et al. (1997, p.254), in terms of indicator functions.
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Hence, if the equivalence principle holds, i.e. 0V= the actuarial present values (apv) of total losses
=0, then
∞

L = ∑ v k Λk

(8)

k =0

The total loss is allocated to each year. That is to say, the original insurance is equivalent to a
series of one-year term insurances.
2.1 KEY VARIABLES, CONCEPTS AND PRINCIPLES

Λh .

The insurer’s loss in year (h,h+1], Λ h , represents the cash flow plus the change in liability
during the year. Still, hV, the reserve defined in Bowers et al. (1997), is not the liability for any
given individual insured, because he/she may have died already.
Defining the prospective reserve more generally, not just conditional on the survival of insured to
year h, but rather given the information up to year h, gives more flexibility.
For any insured (x), as the policy develops, the information up to any year h is represented by the
filtration
,

		

(9)

h=0,1,2,…. We consequently define a generalized reserve, or more accurately, the possible future
liability random variable as
.

(10)

Then the loss in year h+1 should be

Λ h = I ( K = h)v bh +1 − I ( K ≥ h)π h − h M + v

h +1

M,

(11)

h=0,1,2,…. The expression on the right accounts for a possible benefit payment if (x) dies in the
year, minus the premium collected if (x) survives to year h, minus the reserve set aside prior to
year h that can be cashed, plus the year end required reserve. Note that all terms are random here.
Substituting hM in (10) and πh in (6) into (11), after some simplifications of the indicator functions,
reproduces exactly formula (7).
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Understanding
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Allocation of the loss to different years
Consider the following sequence of random variables:

M h = E( L Fh ) ,

(12)

h=0,1,2,…. We show that the stochastic process {M h } is a martingale, with its increments over
(h,h+1] given by:

∆M h = v h Λ h ,

(13)

h=0,1,2,… which is the discounted annual loss. Mh can be given a practical interpretation. The
sequence represents successive estimators of the total loss that increase in accuracy with the
accumulating information. In fact, Lévy’s upward theorem, see Williams (1992), Mh is the best
estimator of L given the information available to us at time h, and consequently M ∞ is the best
predictor. In our life insurance model, if {I ≥ k , k = 0,1,2,...} were known, then the loss L would
be certain:

L = E (L F∞ ) .

(

)

On the other hand, M h = E L Fh can be understood as the total discounted loss up to time
h. Since Mh is the projection of L on Fh in (9), it only depends on the survival information up
to the time h. At the beginning of the (h+1)-th year, i.e. at time h, we know that the loss, given
the information before h, is Mh. With the development of the portfolio of policies over the year,
the change in the loss with the added year of information, must be Mh+1 - Mh. In other words, the
allocation of L to the year is ∆M h = v h Λ h , . In fact,

M h = E(L / Fh )
=

∑ [I ( K = k )b
h −1

k =0

with
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k +1

]

v k +1 − I ( K ≥ k )π k v k + v h h M ,

M 0 = E(L F0 ) = E( L) , where E 0 = {∅, Ω} and
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h=0,1,2,…. which can be compared to (11).
The martingale increments
Consider

E(I ( K = k ) Fk −1 ) = I ( K ≥ k − 1)q x + k −1 ,
h=0,1,2,…. which can be generalized to

E(I ( K = k ) K ≥ k − 1) = q x + k −1 ,
revealing the Markov properties of the insured life process. Noticing that

h=0,1,2,…, it is easy to see that

K −1

M ( j ) = I (K < k ) − ∑ I (K ≥ j )qx + j ,

(14)

k =0

is a zero-mean martingale with respect to
this martingale is given by

Σ k , because E (∆M (k ) Fk ) = 0 . The increment of

∆M (k ) = I (K < k + 1) − I (K < k ) − I (K ≥ k )qx + k = I (K = k ) − I (K ≥ k )qx + k ,
which can be compared with
insurance over year k+1.

∆ h in (7). It is the loss random variable of a $1, one-year term

If interest factors are ignored, ∆M (k ) can be deemed as the per unit k-year term insurance loss
(on the right-hand side, the first term is the benefit, the second is the net premium). It is clear that
the allocation of the loss random variable is related to the Markov process of the insured life.
Now we are in a position to prove that {M h }h≥0 is a martingale with respect to
For each pair of non-negative integers h and k, from (12) we get

Σh .
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I (K = k ) = I (K < k + 1) − I (K < k ),
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E (M k + h Fk ) = E [E(L Fk + h ) Fk ] = M k ,
by the tower property of conditional expectations. It says that if we estimate the total loss based
on the information up to the year k+h, then estimate the result based on the reduced information
up to year k, we get the same result as if we had estimated L directly based on the information up
to year k.
From another point of view,

E (M k + h − M k / Fk ) = E (Λ h / Fk ) = 0 ,
h=0,1,2,…, simply shows that the expectation of a one-year term insurance loss, with net
premiums, is zero. It reduces to the very definition of loss, reserve, and the equivalence principle.
This completes the review of the key steps to the proof of Hattendorff’s theorem. We can now
check the basic martingale properties of M h :
(i)

the increments of a martingale over disjoint time intervals are uncorrelated; that is,
for 0 ≤ j < h ,

(

)

Cov M j +1 − M j , M h +1 − M h = 0
and when v is not random it reduces to

Cov (Λ j , Λ h ) = 0 .
(ii)

(15)

From (7) we have
,

h=0,1,2,…. Since the square of an indicator function is equal to itself and since

I (K = h )I (K ≥ h ) = I (K = h ) ,
we obtain that

110

,
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h=0,1,2,…, and thus
,

(17)

h=0,1,2,…, which is Theorem 8.5.1b in Bowers et al. (1997). The beautiful and extensive
use of indicator functions in the above derivation is motivated by the illustrative educational
note in Gerber (2003).
3. GENERAL FULLY-CONTINUOUS INSURANCE MODEL

,

(18)

but
(19)
and

.

(20)

Thus, if the net cash flow is defined as
,

(21)

then (18) becomes
.

(22)

Consequently, the prospective loss random variable and the benefit reserve at time t ≥ 0 are
defined by
(23)
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Now we consider the model presented in Bowers et al. (1997) of a general fully-continuous
insurance on (x). Denote by bt the death benefit payable at the moment of death, t, and premiums are
payable continuously at a annual rate of πt. Then the future life time of (x) is denoted T=T(x), and
the fixed interest discount factor as v. The random variable representing the insurer’s loss is hence

111

and
.

(24)

respectively. Notice that 0 V = E( L ) .
To prove Hattendorff’s theorem for the general fully-continuous model, πt needs to be expressed
in terms of the reserve. From (24), (23) and (21) it follows that

.
Differentiating the above equation with respect to t, and using the identity

,
yields the following form of the Thiele’s differential equation

= v t π t − v t µ x (t ) (bt − tV ) ,
due to the fact that

, where δ is the force of interest. Now by definition

, which allows us to rewrite the above differential equation as:
,
and shows that the reserve may be deemed as a sinking fund that meets the future benefit
payments. The premium collected
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at risk

over the period (t, t+dt) served to cover the net amount

, if death occurs and the addition of

required reserve. Isolating

π t , we obtain

to accumulate to the
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.
Substituting

πt

into (18) gives

.
Integrating and rearranging,

(25)

By analogy with (11) we define
.
If (x) is alive at time t,

is the loss of a term insurance over (t. t+dt), with a death benefit

equal to the net amount at risk bt − tV . Then
(28)
Like (12) in the discrete time model, consider the following process with filtration

t ) : ∆t →0
µ x (t ) = ∑
− FTt =' (σt )(/TF≤t (st, )s =≤ lim

FT (t ) − FT (t + ∆t )
∆t FT (t )

(29)

() {

( )} ( )

F (t ) − FT (t
∆t FT (t )

T
It is a zero mean square integrable martingale with respect
the increments
µ x t =to − FT ' t / F. Hence,
t t = lim ∆t →0
of M(t), which may be deemed as the losses of a $1 term-insurance over period (t,t+dt) given by

,
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(26)

(30)

113

are uncorrelated. From equation (27) we get

and

,
since the square of an indicator is equal to itself, and the higher power terms of dt can be ignored
as dt goes to zero. Taking variance on both sides of (28) gives
,

(31)

which proves Hattendorff’s theorem for a general fully-continuous model.
To verify the loss allocation using this martingale approach, one can also define in the discretetime model the total discounted losses up to time t ≥ 0 , which is also a martingale
,

(32)

and the possible future liability:
.

(33)

From (32) we get

.
Differentiating both sides, substituting Ct of (21), and πt in Thiele’s differential equation, gives
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+ v t Log (v )[tV ( I )(T > t )] + v t [d [tV I (T > t )+ tV d (I (T > t ))]

,
which is exactly Λ t .

,
the expression on the right consists of the net outflow, possible benefit payments minus premiums
collected (1st term), and the new amount of reserve needed to be accumulated in the sinking fund
by the end of the period (2nd term), minus the reserve cashed at the beginning of the period (3rd
term). Note that all these terms are random, the possible benefit payments, premiums collected,
or changes in liability.
Hence, the total loss allocations are

L(ti ,ti+1 ] for separate periods. When the partition {ti , i = 1,2,...}

gets finer, in the limit the loss
is allocated to different intervals (t,t+dt), which is the loss
of a term insurance from time t to time t+dt, with death benefit being the net amount at risk, and
with net single premiums.
To complete this historical review, we present here another elegant proof of Hattendorff’s
Theorem by Hickman (1964), using integration by parts. From (25), we have

.

(34)

Hence equation (31) gives Hattendorff’s Theorem in the fully-continuous model, once we
establish that

.

(35)
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For any pair of s<t, the insurer’s loss in the period (s,t] is :
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To prove (35), denote by
.

s≥0

Then the left-hand side of equation (35) is
,
where FT ( x ) = 1 − FT ( x ) is the survival function of T, and the third equality is obtained
integrating by parts, with

φ (0) = FT (∞ ) = 0 . Now since

φ´(s ) = v s (bs − sV )µ x (s ) and µ x (s )FT (s ) = fT (s )
where f T is the density function of T. Then clearly (35) gives (34).
4. A TIME-INHOMOGENEOUS LIFE INSURANCE MARKOV CHAIN MODEL
WITH FINITE STATE SPACE
The Markov chain model
Consider life insurance under following life history model:
1) An individual life experience is modeled as a realization of a time-inhomogeneous Markov
chain with finite state space I. The insured must be in one of the finite states, (for instance able,
disable or dead) within the insurance period.
2) Let S (.) denote the right-continuous sample path function of this Markov chain.
3) Assume that the process starts in a state 0 ∈ I at time 0.
4) The transition probabilities are denoted by
,
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5) Assume that transition intensities

µ i , j (.) exist, then

i, j ∈ I , s ≤ t .
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µi , j (t ) = lim h→0 Pi ,t (t , t + h) / h , i, j ∈ I , i ≠ j ,
+

which is just a generalization of a force of mortality rate (e.g. two states: 0=alive, 1=dead). The
force of mortality is then

µ x (t ) = − FT ' (t ) / Ft (t ) = lim ∆t →0

FT (t ) − FT (t + ∆t )
∆t FT (t )

.

{

}

number of direct transitions from state i to state j during [0,t]. Moreover, let Yi (t ) = I (S (t − ) = i )
be the indicator for whether the Markov chain is in state i just prior to time t. Then, according to

{

}

Aalen (1978) or Andersen and Borgan (1985), N i , j (t ), i ≠ j is a multivariate counting process
with random intensity process

{λ (.), i, j ∈ I , i ≠ j}, where
i, j

λi , j (t ) = Yi (t )µ i , j (t ) .
7) Let

{

}

be the σ-algebra generated by N i , j (s ), s ≤ t , i, j ∈ I , i ≠ j . Hence,

is simply the

collection of all the experience during the period [0.t], and
σ-algebras, that is a filtration.

is an increasing family of

The number of jumps (0 or 1) that N i , j makes over [t,t+dt) is
it is given by

. By the definitions above,

.
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6) The life experience is characterized by a multivariate counting process N i , j (t ), i ≠ j , giving the

Hence,
,

i, j ∈ I ,

i≠ j ,

(36)
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are zero-mean square-integrable martingales with respect to
, which is analogous to
(14) in the fully-discrete model and (51) in the fully-continuous model.
The increments of the martingale,
,

(37)

are nothing but the loss random variables of a $1 term-insurance over the period (t,t+dt). The first
term in (37) is the possible $1 benefit payment, the second term is the net single premium. The
discount factor

vanishes as dt, the infinitesimal goes to 0.

The corresponding variance process is given by,

,
where, the last equation is due to the conditional Bernoulli distribution of
From Doob-Meyer’s decomposition theorem,
to

(38)
given

.

is a zero-mean martingale with respect

.

M ij and M kl are orthogonal for (i, j ) ≠ (k , l ) , i.e.,
covariance process. In fact,

where

is the

,
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because if (i, j ) ≠ (k , l ) , then
also follows that

,

cannot be both positive at the same time. Moreover, it
, is a zero-mean martingale with respect to {Ft , t ≥ 0}.
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Life insurance and thiele’s differential equation
Now let us consider a general n-year insurance where the insured’s experience is described by the
Markov chain model in the previous section. The policy is issued at time 0 to an insured in state
0. Assume the following conditions:
1) While the policy stays in state i, premiums (when negative they can be interpreted as a life
annuity) are paid continuously at the rate of

over [t,t+dt).

2) If the policy moves from state i to j at time t, a lump sum benefit Bi j (t ) is paid to the insured
immediately after t.
3) When the policy expires at time n, the insured receives an amount Bi (n ) if the policy is in
state i at the maturity date.

interest δ. The quantities π i (t ) , Bi j (t ) and Bi (n ) are all assumed deterministic.
The net premium reserve at time t in state i is denoted by Vi (t ) ( with V0 (0 ) = 0 ):

.
The 1st term on the right-hand side, above, represents the lump sum benefit associated with
a jump for state j to k ≠ j after time t (note that j could be i). The 2nd term, is the maturity
payment at time n. The 3rd term, represents the premiums collected in different states j. All these
amounts are random as they depend on the conditional probabilities Pij . Here the reserve satisfies
Thiele’s differential equation (see Hoem, 1969):
,

(39)

where

Ri j (t ) = V j (t ) + Bi j (t ) − Vi (t )

(40)
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4) Insurer’s expenses are ignored, the equivalence principle is applied under a constant force of
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stands for the amount of risk associated with transition from state i to state j at time t. Transforming
Thiele’s differential equation into

(41)

shows that π i (t ) is the sum of the sinking fund deposit

and the risk premium

∑ [µ (t )R (t )].
j ≠i

ij

ij

Proof of hattendorff’s theorem
As in previous models, first define the total loss over [0,t]:

.

(42)

The first term represents the present value (pv) of the lump sum benefits. The second term is the
pv of the reserve set aside by the insurer at time t. The third is the pv of the premiums collected.
Note the similarity with M t in (32). All terms are random, depending on the evolution of the

{

}

insured’s states up to time t, N i j (s ), S (t ) , Yi ( s ) .
Now substitute
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π i (s ) of (40) in the above loss function, to get

(43)
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Assume that the Markov process jump times are T1 < T2 < ... < T f < t and let i k denote
the state the process entered at time Tk , k=1,2,…,f, with T0 = 0, i0 = 0, T f +1 = t . Then by

.

(44)

The first two equalities above give the sum of the pv of the change in the insurer’s liability
(required reserve for future benefit payments) during the sojourn in state i k . The 3rd sum gives
the insurer’s change in liability at state jump times. The last sum produces a step function, due to

N i j (s ) , that jumps at times Tki for i=1,…,f. Combining (40), (43) and (44), we get

,

where

,

(45)

and where M i j is given by (37). Here Γi (t ) is the loss of the insurer over [0,t] during the
policy’s sojourn in state i, and represents the pv of the sums at risk paid upon the transitions out of
state i, minus the pv of the risk premium collected while in state i. Note that premiums are random
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definition, S (t ) = i f . Integrating by parts, the last term above maybe re-written as

121

here as the Yi are random variables. Moreover, (45) shows that the total loss may be allocated
according to the loss experienced in the different states. Then (37) shows that it can be further
allocated to different infinitesimal periods.
According to (45), the Γi ' s are sums of stochastic integrals with respect to the zero-mean
integrable martingales M i j . Hence these Γi are themselves zero-mean square integrable
martingales. Because the M i j ' s are orthogonal to each other, and the integrals in Γi and

Γi , i ≠ j in (45) involve only disjoint sets of

, then the Γi are also orthogonal to each

other. By (48), the variance process of Γi (t ) is given by

.
To sum up, the features of this generalized Hattendorff’s theorem are as follows:
(a) The loss accrued in state i up to time t, the process Γi (t ) , is a zero-mean square-integrable
martingale, hence with uncorrelated increments, and its variance is given by
.

(46)

(b) Γi (.) and Γ j (.) are uncorrelated for i ≠ j .
(c) Γ(.) is a zero-mean square integrable martingale, with

(d) This result can be found in Ramlau-Hansen (1988).
5. A GENERALIZATION OF HATTENDORFF’S THEOREM
A general payment stream model
Consider a stream of payments commencing at time 0, and a payment accumulation function A,
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that at each time t ≥ 0 , specifies the total amount A(t) paid in [0,t].
Negative payments are allowed here. The only requirement is that A be of bounded variation
in finite intervals and, and by convention, right-continuous. This essentially means that A is
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a difference of two non-decreasing, finite-valued and right-continuous payment functions
representing outflows and inflows, respectively.
Using a discount function v, the present value (pv) at time 0 of the payments stream is given by

V = ∫ vdA .
To allow for a random development of payments and interest, the functions A, and v are assumed to
be stochastic processes defined on some probability space (Ω, F
, P) . They are adapted to a rightcontinuous filtration F = {Ft }t ≥ 0 , where each Ft contains the events that govern the payments
and interest development up to and including time t.
The notions of reserve and loss

expected value, given the information available by time t, the so-called prospective

-reserve,
(49)

The -reserve plays a central role in insurance practice since it is taken as a factual liability and,
by statue, is to be accounted as a debt in the balance sheet of the insurer at time t. In accordance
with this accounting convention, the insurer’s loss in the period (s,t] is defined as:
,

(50)

where the expression on the right is constructed as follows. At the end the period the net period
outflows have been covered (the first term), a new reserve is provided (the second term), and the
reserve set aside prior to the period can be cashed (the third term).
A general Hattendorff’s theorem
The fundamental concept underlying Hattendorff’s theorem is that the loss defined by (50) is the
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At any time t the insurer must provide a reserve to meet future net liabilities on the policy. An
adequate reserve would be the cash value at time t of future outflows minus future income, but
this quantity is in general unobservable by time t. What can be written in the accounts is its

increment over (s,t] of the martingale generated in (49). More precisely, assuming that
in (48), define for each t ≥ 0 :

123
,

(51)

the loss up to time t. It generalizes M h in Section 3 (discrete-time model), M t in Section 4
(continuous-time model) and Γ(t ) in Section 5 (Markov chain model). The second equality is
due to (49) and the

- adaptedness of A and v. It follows from (5) and (51) that

L( s ,t ] = M (t ) − M ( s ) .

(52)

Clearly, {M (t )}t ≥0 is an -martingale converging to V. It can always be taken to be rightcontinuous so that the optional sampling properties apply.
A general Hattendorff’s theorem is obtained by simply spelling out some basic properties of
martingales and stochastic integrals.
Now consider a non-decreasing sequence of - stopping times 0 = T0 < T1 > ... , including the
simple case where the Ti = t i are fixed (typically the end of year i), and all relevant cases where
they are random (as in the previous section where Ti is the time when the process makes a
transition). Simplify the notation

Li = L(Ti−1 ,Ti ] , i = 1,2,...

(53)

and define consistently the loss at time 0 as

L0 = A(0) + VF (0) − E(V )

(54)

Theorem (A general Hattendorff‘s theorem). Assume that the value V in (48) has a finite variance.
Then the losses Li defined in (53) have zero mean and are uncorrelated, and this also holds
conditionally, given FTi :
,

Cov (L j , Lk ) = 0 ,

hence


V∑ Lk
 k >i
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i < j < k,

The variances above are of the form

(

(55)
(56)

)


FTi  = ∑ V Lk FTi .
 k >i

(57)
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(58)

,

(59)

where M is the variance process.
These results are rooted in the definition of loss and not on any particular assumption as to what
process they stem from. Hattendorff’s results hence hold for virtually any payment stream and
interest accumulation rule, in insurance, whether life or non-life, and in finance in general. The
periods may be any time intervals delimited by stopping times. The idea is that the total loss up
-martingale. Then it can be allocated into random periodic losses Li ,

the increments of M (t ) , representing the random losses, over the random periods
, of
term-insurance policies with a face value equal to the amount at risk. These are zero-mean and
uncorrelated. This result essentially follows from Norberg (1992, 1996).
6. CONCLUSIONS
The goal of this survey is to illustrate how general Hattendorff’s theorem can be, when allocating
increments of contingent cash-flows to different (possibly random) time intervals. It has widely
been used in life insurance, but under restrictive assumptions driven by the application. Hopefully
this historical account will help financial researchers apply the theorem to a wider class of
problems.
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